arXiv:gr-qc/9507014vl 6 Jul 1995 


SPIN-f POTENTIALS IN BACKGROUNDS 
WITH BOUNDARY 


GIAMPIERO ESPOSITO^’^ GABRIELE GIONTU, ALEXANDER Yu. KAMENSHGHIK^, 
IGOR V. MISHAKOV^ and GIUSEPPE POLLIFRONE^ 


^Istituto Nazionale di Fisica Nucleare, Sezione di Napoli 
Mostra d’Oltremare Padiglione 20, 80125 Napoli, Italy, 
Dipartimento di Scienze Fisiche 
Mostra d’Oltremare Padiglione 19, 80125 Napoli, Italy, 
^Scuola Internazionale Superiore di Studi Avanzati 
Via Beirut 2-4-, 34013 Trieste, Italy, 

'^Nuclear Safety Institute 
Russian Academy of Sciences 
52 Bolshaya Tulskaya, Moscow 113191, Russia, 

^Dipartimento di Fisica, Universitd di Roma “La Sapienza” 
and INFN, Sezione di Roma 
Piazzale Aldo Moro 2, 00185 Roma, Italy 


PAGS numbers: 04.20.Gv, 04.60.Ds, 98.80.Hw 


1 


Spin-^ Potentials in Backgrounds with Boundary 
This paper studies the two-spinor form of the Rarita-Schwinger potentials subject to local 
boundary conditions compatible with local supersymmetry. The massless Rarita-Schwinger 
held equations are studied in four-real-dimensional Riemannian backgrounds with bound¬ 
ary. Gauge transformations on the potentials are shown to be compatible with the held 
equations providing the background is Ricci-hat, in agreement with previous results in the 
literature. However, the preservation of boundary conditions under such gauge transfor¬ 
mations leads to a restriction of the gauge freedom. The recent construction by Penrose 
of secondary potentials which supplement the Rarita-Schwinger potentials is then applied. 
The equations for the secondary potentials, jointly with the boundary conditions, imply 
that the background four-geometry is further restricted to be totally hat. The analysis of 
other gauge transformations conhrms that, in the massless case, the only admissible class 
of Riemannian backgrounds with boundary is totally hat. 
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Spin-^ Potentials in Backgrounds with Boundary 

1 . Introduction 

Over the last few years, many efforts have been produced to study locally supersymmetric 
boundary conditions in perturbative quantum cosmologyd“^ The aim of this paper is to 
perform a complete analysis of the corresponding classical elliptic boundary-value prob¬ 
lems. Indeed, in Ref. 8 it was shown that one possible set of local boundary conditions 
for a massless held of spin s, involving held strengths (pA...L and (f)A'...L' and the Euclidean 
normal to the boundary: 

2® (pA...L — ± at dM , (1.1) 

can only be imposed in hat Euclidean backgrounds with boundary. However, such bound¬ 
ary conditions (motivated by supergravity theories in anti-de Sitter space-time,where 
(1.1) is essential to obtain a well-dehned quantum theory after taking the covering space 
of anti-de Sitter) do not make it possible to relate bosonic and fermionic helds through the 
action of complementary projection operators at the boundary.^ For this purpose, one has 
to impose another set of local and supersymmetric boundary conditions, hrst proposed in 
Ref. 1. These are in general mixed, and involve in particular Dirichlet conditions for the 
transverse modes of the vector potential of electromagnetism, a mixture of Dirichlet and 
Neumann conditions for scalar helds, and local boundary conditions for the spin-| held 
and the spin-| potential. Using two-component spinor notation for supergravity,^di-i2 
the spin-1 boundary conditions relevant for quantum cosmology take the form^ 

V 2 ef^A^ dM . (1-2) 
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Spin-^ Potentials in Backgrounds with Boundary 
With our notation, are the independent (i.e. not related by any conjugation) 

spatial components (hence i = 1,2,3) of the spinor-valued one-forms appearing in the 
action functional of Euclidean supergravity.^di 

In the light of the results outlined so far, a naturally occurring question is whether an 
analysis motivated by the one in Ref. 8 can be used to derive restrictions on the classical 
boundary-value problem corresponding to (1.2). Such a question is of crucial importance 
for at least two reasons: 

(i) In the absence of boundaries, extended supergravity theories are naturally formulated 
on curved backgrounds with a cosmological constant.^’^do Thus, if a local theory in terms 
of spin-1 potentials and in the presence of boundaries can only be studied in flat Eu¬ 
clidean four-space, this result would make it impossible to consider the most interesting 
supergravity models when a four-manifold with boundaries occurs. 

(ii) One of the main problems of the twistor programme for general relativity lies in the 
impossibility to achieve a twistorial reconstruction of (complex) vacuum space-times which 
are not right-flat (i.e. such that the Ricci spinor Raa'bb' and the self-dual Weyl spinor 
'ipA'B'C'D' vanish). To overcome this difhculty, Penrose has proposed a new dehnition 
of twistors as charges for massless spin-| helds in Ricci-flat Riemannian manifolds (see 
references in the following sections). However, since gravitino potentials have been studied 
also in backgrounds which are not Ricci-flat,one is led to ask whether the recent 
Penrose formalism can be applied to study a larger class of Riemannian four-manifolds 
with boundary. 
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Spin-^ Potentials in Backgrounds with Boundary 
For this purpose, we introduce in Sec. 2 the Rarita-Schwinger potentials with their 
gauge transformations in Riemannian background four-geometries. Section 3 derives com¬ 
patibility conditions from the gauge transformations of Sec. 2, and from the boundary 
conditions (1.2). Section 4 is devoted to the secondary potentials which supplement the 
Rarita-Schwinger potentials in Ricci-flat backgrounds. Section 5 studies other sets of gauge 
transformations. Concluding remarks and open problems are presented in Sec. 6. Relevant 
details about the two-spinor form of Rarita-Schwinger equations are given in the appendix. 

2. Rarita-Schwinger Potentials and their Gauge Transformations 

For the reasons described in the introduction, we are here interested in the independent 
spatial components ^ of the gravitino held in Riemannian backgrounds. In terms 

of the spatial components CAB'i of the tetrad, and of spinor helds, they can be expressed 

asll,13-14 

i’Ai = ; ( 2 - 1 ) 

i^A' i — l^A'B' i ■ ( 2 - 2 ) 

A hrst important difference with respect to the Dirac form of the potentials studied in 
Ref. 8 is that the spinor helds ^^ab I^A'B' longer symmetric in the second 

and third index. From now on, they will be referred to as spin-| potentials. They obey 
the diherential equations (see appendix and cf. Refs. 13 and 14) 

e ^ A{A' 7 B')C' ~ ~3A a. A' , (2-3) 
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V7B'(B A) iuABL' ~ 

^ A B'C ~ ^ C ^L' , 

(2.4) 

XJ A'{A ^^B)c ^ ~3A a A , 

(2.5) 

^B{B' -pA') ^A'B'L 

(2.6) 


where Vab' is the spinor covariant derivative corresponding to the cnrved connection V of 
the backgronnd, the spinors and correspond to the trace-free part of the 

Ricci tensor, the scalar A corresponds to the scalar cnrvatnre R = 24A of the backgronnd, 
and Ba' are a pair of independent spinor helds, corresponding to the Majorana held in 
the Lorentzian regime. Moreover, the potentials are snbject to the gange transformations 
(cf. Sec. 5) 

= I'^B'C + ^C' , (2.7) 

= rV + V'‘'b i>c . (2.8) 

A second important difference with respect to the Dirac potentials® is that the spinor helds 
ub and Xb' are no longer taken to be solntions of the Weyl eqnation. They shonld be freely 
specihable (see Sec. 3). 

3. Compatibility Conditions 

Onr task is now to derive compatibility conditions, by reqniring that the held eqnations 
(2.3)-(2.6) shonld also be satished by the gange-transformed potentials appearing on the 
left-hand side of Eqs. (2.7)-(2.8). For this pnrpose, after dehning the operators 

EUaB = ^M'{A V B) I (3-1) 
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□ 

to 

III 

<1 

<1 

to 

(3,2) 

we need the standard identity^®“^^ ^[ab] = and the spinor 

Ricci identities^ 

\Z\ab — i’ABCD — 2A eB)C 5 

(3.3) 

\^A'B'Xc' ~ '4’A'B'C'D' X^ — 2A A(^/ eB')C' 

(3.4) 

1 —\ _ ^AB \M' 

1_| ^ M'B' ^ ; 

(3.5) 

[—[A’B’, _^A'B' 

U T^B MB ^ ■ 

(3.6) 

Of course, tpA'B'CD' and 'ipABCO are the self-dual and anti-self-dual Weyl spinors respec¬ 
tively. 

Thus, on using the Eqs. (2.3)-(2.8) and (3.1)-(3.6), the basic rules of two-spinor 

calculus^^“^^ lead to the compatibility equations 

3A Xa' = 0 , 

(3.7) 

A^' = 0 , 

(3.8) 

3A = 0 , 

(3.9) 

^A'B'^C ^ Q _ 

(3.10) 


Non-trivial solutions of (3.7)-(3.10) only exist if the scalar curvature and the trace-free part 
of the Ricci tensor vanish. Hence the gauge transformations (2.7)-(2.8) lead to spinor helds 
ua and Xa' which are freely specihable inside Ricci-flat backgrounds, while the boundary 
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Spin-^ Potentials in Backgrounds with Boundary 
conditions (1.2) are preserved nnder the action of (2.7)-(2.8) providing the following con¬ 
ditions hold at the bonndary: 

V2en/' (V^^' n^yBC'^ = ±(v^^'X^')ecB'^ at dM . (3.11) 

4. Secondary Potentials in Ricci-Flat Backgrounds 

As shown by Penrose in Ref. 18, in a Ricci-flat manifold the Rarita-Schwinger potentials 
may be snpplemented by secondary potentials. Here we nse snch a constrnction in its local 
form. For this pnrpose, we introdnce secondary potentials for the y-potentials by repairing 
that locally (see Ref. 18) 

Ia'b^ = VsB' ■ (4-1) 

Of conrse, special attention shonld be payed to the index ordering in (4.1), since the 
primary and secondary potentials are not symmetric (cf. Ref. 8). On inserting (4.1) into 
(2.3), a repeated nse of symmetrizations and anti-symmetrizations leads to the eqnation 
(hereafter Q = 

(FL V®'*" V®'" pB'iAU) 

+ aAMPP“AlapA'^o, ( 4 , 2 ) 

where, following Ref. 18, we have dehned 


_ Q 

Pa' = Pa'C ; 


(4.3) 



Spin-^ Potentials in Backgrounds with Boundary 
and we bear in mind that onr backgronnd has to be Ricci-flat. Thns, if the following 
eqnation holds (cf. Ref. 18): 

= 0 , (4.4) 

one finds 

PB'iAM) = I V/' PF' , (4.5) 

and hence Eq. (4.2) may be cast in the form 

Dam pd"'* = 0 ■ (4.6) 


A very nsefnl identity resnlting from Eq. (4.9.13) of Ref. 19 enables one to show that 


I—I (AM) ^ L' (AM) 

Pa' — ~^AMA' Pl' 


(4.7) 


Hence Eq. (4.6) rednces to an identity by virtne of Ricci-flatness. Moreover, we have to 
insert (4.1) into the field eqnation (2.4) for y-potentials. By virtne of (4.4) and of the 
identities (cf. Ref. 19) 


this leads to the eqnation 


BM D' A , 4 * iAB) 

B' P MB' + p , 


^ + ^B'F'B (AL) 

P B' + ^ L P B' 1 


I ABLM _ rv 

V P{LM)C' — b , 

where we have nsed again the Ricci-flatness condition. 


(4.8) 

(4.9) 


(4.10) 
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Spin-^ Potentials in Backgrounds with Boundary 
Of course, secondary potentials supplementing F-potentials may also be constructed 


locally. On defining 


P C —y 7 a C'B' 
^ AB ^^B'B^A 


(4.11) 


one finds 


Oa = ^AC^ 5 


(4.12) 


and requiring that 


18 




(4,13) 


yiBM n _ X7 ^ f) 


(4.14) 


and a similar calculation yields an identity and the equation 




0{L'M')C — 0 • 


(4.15) 


Note that Eqs. (4.10) and (4.15) relate explicitly the secondary potentials to the curvature 
of the background. This inconsistency is avoided if one of the following conditions holds: 

(i) The whole conformal curvature of the background vanishes. 

(ii) 9(^l'M')c, or and P{lm)ca vanish. 

(iii) The symmetric parts of the secondary potentials vanish. 

In the first case one finds that the only admissible background is again fiat Euclidean 
four-space with boundary, as in Ref. 8. By contrast, in the other cases, left-fiat, right-fiat 
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Spin-^ Potentials in Backgrounds with Boundary 
or Ricci-flat backgrounds are still admissible, providing the secondary potentials take the 


form 


aA' , 






where a a and aA' solve the Weyl equations 


CtA = 0 , 


(4.16) 

(4.17) 


(4.18) 


V 


AA' 


OLA' 


0 . 


(4.19) 


Eqs. (4.16)-(4.19) ensure also the validity of Eqs. (4.4), (4.13), and (A.6)-(A.7) of the 


appendix. 


However, if one requires the preservation of Eqs. (4.4) and (4.13) under the following 


gauge transformations for secondary potentials (the order of the indices AL, A'L' is of 


crucial importance): 


= Pb^^ + y , (4.20) 

e/^' = + V/' a^' , (4.21) 


one hnds compatibility conditions in Ricci-flat backgrounds of the form 


'^AFLD = Q 1 

(4.22) 

4’A'F'L'D' 0"^ = 0 . 

(4.23) 


Thus, to ensure unrestricted gauge freedom (except at the boundary) for the secondary 
potentials, one is forced to work with flat Euclidean backgrounds. The boundary conditions 


11 



Spin-^ Potentials in Backgrounds with Boundary 
(1.2) play a role in this respect, since they make it necessary to consider both il)f and il)f , 
and hence both and 9^^ ^ . Otherwise, one might use (4.22) to set to zero the anti- 

self-dual Weyl spinor only, or (4.23) to set to zero the self-dual Weyl spinor only, so that 
self-dual (left-flat) or anti-self-dual (right-flat) Riemannian backgrounds with boundary 
would survive. 

5. Other Gauge Transformations 

In the massless case, flat Euclidean backgrounds with boundary are really the only possible 
choice for spin-| potentials with a gauge freedom. To prove this, we have also investigated 
an alternative set of gauge transformations for primary potentials, written in the form (cf. 
(2.7)-(2.8)) 

= Pb'C’ + , (5.1) 

f -"bc = T-^'bc + V-"'c VB ■ (5.2) 

These gauge transformations do not correspond to the usual formulation of the Rarita- 
Schwinger system, but we will see that they can be interpreted in terms of familiar physical 
concepts. 

On imposing that the held equations (2.3)-(2.6) should be preserved under the action 
of (5.1)-(5.2), and setting to zero the trace-free part of the Ricci spinor (since it is incon¬ 
sistent to have gauge helds \b> and pb which depend explicitly on the curvature of the 
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background) one finds compatibility conditions in the form of differential equations, i.e. 
(cf. Ref. 20) 


0 — —2A Xb' , 

(5.3) 


(5.4) 

Qi/b = —2A vb , 

(5.5) 

y{A'{B yC)B') = 0 . 

(5.6) 


In a fiat Riemannian four-manifold with fiat connection D, covariant derivatives commute 
and A = 0. Hence it is possible to express Xb' and ub as solutions of the Weyl equations 


Ab' = 0 , 

(5.7) 

z/B = 0 , 

(5.8) 

which agree with the fiat-space version of (5.3)-(5.6). The boundary conditions (1.2) are 

then preserved under the action of (5.1)-(5.2) if vb and Xb' obey the boundary conditions 

(cf. (3.11)) 

AyBC'i = ±{D^'^A 

)ecB'i at dM . (5.9) 

In the curved case, on defining 


A; 

[> 

III 

(5.10) 

III 

<1 

(5.11) 
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Spin-^ Potentials in Backgrounds with Boundary 
Eqs. (5.4) and (5.6) imply that these spinor helds solve the eqnations (cf. Ref. 20) 


(p^'> ^0 , (5.12) 

0^') = 0 . (5.13) 

Moreover, Eqs. (5.3), (5.5) and the spinor Ricci identities imply that 

0"^ = 2A Xb' , (5-14) 

0^'= 2A i/B . (5.15) 


Remarkably, the Eqs. (5.12)-(5.13) are the twistor eqnations^^’^^ in Riemannian fonr- 
geometries. The consistency conditions for the existence of non-trivial solntions of snch 
eqnations in cnrved fonr-manifolds are given by^^ 

'4’abcd = 0 , (5.16) 

and 

= 0 , (5-17) 

respectively, nnless one regards 0^ as a fonr-fold principal spinor^® of 'iPabcd, and 0^ as 
a fonr-fold principal spinor of 4’A'B'C'D'- 

Fnrther consistency conditions for onr problem are derived by acting with covariant 
differentiation on the twistor eqnation, i.e. 

0^ + 0^ = 0 . (5.18) 
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Spin-^ Potentials in Backgrounds with Boundary 
While the complete symmetrization in ABC yields (5.16), the use of (5.18), jointly with 
the spinor Ricci identities of Sec. 3, yields 

□ = (5.19) 

and an analogous equation is found for (j)^ . Thus, since Eq. (5.12) implies 

(f)^ ^ TTc' , (5.20) 

we may obtain from (5.20) the equation 

7ia' = 2 A , (5.21) 

by virtue of the spinor Ricci identities and of (5.19). On the other hand, in the light of 
(5.20), Eq. (5.14) leads to 

WAB' ~ Sttb' = 2 A Xb' ■ (5.22) 

Hence tta' = A Xaa and the dehnition (5.10) yields 

\jBA' = A _ ^5 23) 

By comparison of (5.21) and (5.23), one gets the equation A =0. If A 7 ^ 0, this implies 
that (p^, 71 b' and Xb' have to vanish, and there is no gauge freedom fou our model. This 
inconsistency is avoided if and only if A = 0 , and the corresponding background is forced 
to be totally flat, since we have already set to zero the trace-free part of the Ricci spinor 
and the whole conformal curvature. The same argument applies to (p^ and the gauge 
held pb- The present analysis corrects the statements made in Sec. 8.8 of Ref. 20, where 
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it was not realized that, in onr massless model, a non-vanishing cosmological constant is 
incompatible with a gange freedom for the spin-| potential. More precisely, if one sets 
A = 0 from the beginning in (5.3) and (5.5), the system (5.3)-(5.6) admits solntions of 
the Weyl eqnation in Ricci-flat manifolds. These backgronnds are farther restricted to be 
totally flat on considering the Eqs. (4.10) and (4.15) for an arbitrary form of the secondary 
potentials. As already pointed ont at the end of Sec. 4, the bonndary conditions (1.2) play 
a role, since otherwise one might focns on right-flat or left-flat Riemannian backgronnds 
with bonndary. 

Yet other gange transformations can be stndied (e.g. the ones involving gange helds 
Xb' and ub which solve the twistor eqnations), bnt they are all incompatible with a non¬ 
vanishing cosmological constant in the massless case. 


6. Concluding Remarks and Open Problems 


The consideration of bonndary conditions is essential to obtain a well-dehned formnla- 
tion of physical theories in qnantnm cosmology.^’^^’^^ In particnlar, one-loop qnantnm 
cosmology^“^ makes it necessary to stndy spin-| potentials abont fonr-dimensional Rie¬ 
mannian backgronnds with bonndary. The corresponding classical analysis has been per¬ 
formed in onr paper in the massless case, to snpersede the analysis appearing in Refs. 8 
and 23. Onr resnlts are as follows. 

First, the gange transformations (2.7)-(2.8) are compatible with the massless Rarita- 
Schwinger eqnations providing the backgronnd fonr-geometry is Ricci-flat. However, the 
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Spin-^ Potentials in Backgrounds with Boundary 
presence of a boundary restricts the gauge freedom, since the boundary conditions (1.2) 
are preserved under the action of (2.7)-(2.8) only if the boundary conditions (3.11) hold. 

Second, the Penrose construction of secondary potentials in Ricci-flat four-manifolds 
shows that the admissible backgrounds may be further restricted to be totally flat, or 
left-flat, or right-flat, unless these secondary potentials take the special form (4.16)-(4.17). 
Hence the secondary potentials supplementing the Rarita-Schwinger potentials have a very 
clear physical meaning in Ricci-flat four-geometries with boundary: they are related to the 
spinor helds corresponding to the Majorana held in the Lorentzian version of 

(2.3)-(2.6). [One should bear in mind that, in real Riemannian four-manifolds, the only 
admissible spinor conjugation is Euclidean conjugation, which is anti-involutory on spinor 
helds with an odd number of indices.Hence no Majorana held can be dehned in real 
Riemannian four-geometries] 

Third, to ensure unrestricted gauge freedom for the secondary potentials, one is forced 
to work with hat Euclidean backgrounds, when the boundary conditions (1.2) are imposed. 
Thus, the very restrictive results obtained in Refs. 8 and 23 for massless Dirac potentials 
with the boundary conditions (1.1) are indeed conhrmed also for massless Rarita-Schwinger 
potentials subject to the supersymmetric boundary conditions (1.2). Interestingly, a for¬ 
malism originally motivated by twistor theory^^ds,20,23-26 applied to classical 

boundary-value problems relevant for one-loop quantum cosmology. 

Fourth, the gauge transformations (5.1)-(5.2) with non-trivial gauge helds are com¬ 
patible with the held equations (2.3)-(2.6) if and only if the background is totally hat. 
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The corresponding gange fields solve the Weyl eqnations (5.7)-(5.8), snbject to the bonnd- 
ary conditions (5.9). Indeed, it is well-known that the Rarita-Schwinger description of a 
massless spin-| field is eqnivalent to the Dirac description in a special choice of gange. 

In snch a gange, the spinor fields Xb' and ub solve the Weyl eqnations, and this is exactly 
what we find in Sec. 5 on choosing the gange transformations (5.1)-(5.2). 

A non-vanishing cosmological constant can be consistently stndied when a massive 
spin-1 potential is stndied.For this pnrpose, one has to replace the spinor covariant 
derivative aa' in the field eqnations (2.3)-(2.6) by a new spinor covariant derivative 
Saa' which rednces to Vaa' when A = 0. In the langnage of y-matrices, one has (cf. Ref. 
27) 

+ /(A)7^ , (6.1) 

where /(A) vanishes at A = 0, and 7 ^ are the 7 -matrices. We are cnrrently investigating 
the reformnlation of Secs. 2-5 in terms of the definition (6.1). In particnlar, it appears 
interesting to nnderstand, by nsing two-spinor formalism, whether twistors can generate 
the gange freedom for a class of massive spin-| potentials in conformally fiat Einstein 
fonr-geometries with bonndary. Moreover, other interesting problems are fonnd to arise: 

(i) Can one relate Eqs. (4.4) and (4.13) to the theory of integrability conditions relevant 
for massless fields in cnrved backgronnds (see Ref. 18 and onr appendix) ? What happens 
when snch eqnations do not hold ? 

(ii) Is there an nnderlying global theory of Rarita-Schwinger potentials ? In the affirmative 
case, what are the key featnres of the global theory ? 
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(iii) Can one reconstrnct the Riemannian fonr-geometry from the twistor space in Ricci- 
flat or conformally flat backgronnds with bonndary, or from whatever is going to replace 
twistor space ? 

Thns, the resnlts and problems presented in onr paper seem to add evidence in favonr 
of a deep link existing between twistor geometry, qnantnm cosmology and modern held 
theory. 
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Appendix 


Following Ref. 13, one can locally express the F-potentials of (2.1) as (cf. (4.11)) 

r%, = Vbb> . (^.1) 

Thns, acting with Vcc" on both sides of (A.l), symmetrizing over CB' and nsing the 
spinor Ricci identity (3.6), one hnds 

VC(C' r-lCg,, = 5 b,c.,P . (A.2) 

Moreover, acting with V on both sides of (A.l), pntting B' = C (with contraction over 
this index), and nsing the spinor Ricci identity (3.3) leads to 

(Q T(^c ■ (^-3) 

Eqs. (A.1)-(A.3) rely on the conventions in Ref. 13. However, to achieve agreement with 
the conventions in Ref. 18 and in onr paper, the Eqs. (2.3)-(2.6) are obtained by dehning 
(for the effect of torsion terms, see comments following Eq. (21) in Ref. 13) 

Fb^ b' = ^BB' , (^.4) 

lA^'C =^CA' ■ (^-5) 

On reqniring that (A.5) and (4.1) shonld agree, one hnds by comparison that 

VsB' Pa^^^^ = a^/] , (^-6) 
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which is obviously satished if = 0 and as' obeys the Weyl equation (4.19). Simi¬ 

larly, by comparison of (A.4) and (4.11) one hnds 

Vb'b , (A.7) 

which is satished if Eqs. (4.17)-(4.18) hold. 

In the original approach by Penrose,^® one describes Rarita-Schwinger potentials in 
hat space-time in terms of a rank-three vector bundle with local coordinates {^a-, ^md 
an operator VLaa' whose action is dehned by 

^AA'iVB,C)=(^AA'VB,'BAA'C — V^PA'AC^ , (A.8) 

V being the hat Levi-Civita connection of Minkowski space-time. The gauge transforma¬ 
tions are then 

(vb , c) ={vb,C + , (A.9) 

PA'AB = PA'AB + PaA'^B ■ (A.10) 

For the operator dehned in (A.8), the integrability condition on /3-planes^^ turns out to be 

= 0 . (A.ll) 

It now remains to be seen whether, at least in Ricci-hat backgrounds, an operator can be 
dehned (cf. (A.8)) whose integrability condition on /3-surfaces^® is indeed given by Eq. 
(4.4) (cf. Eq. (A.ll)). 
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